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Abstract
We consider a system of two spins with degenerate Larmor frequencies under a STM bias and
derive the dissipative Lindblad equations. We find that the tunneling elements to the environments
(tip and substrate) generate an exchange interaction between the spins, as well as a Dzyaloshinskii-
Moriya interaction in presence of spin-orbit coupling. We show that when the spins have equal
tunneling amplitudes (without spin-orbit) there is a dark state with vanishing decay rate. We also
show that the resulting STM spectrum has additional transitions relative to those of conventional
spin resonance experiments. The presence of dipole interaction is also considered, with similar
conclusions.
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An intense ongoing effort is devoted to the study of two qubits coupled via a common
environment, motivated by quantum information science. In particular it has been realized
that dissipative dynamics due to qubit coupling to the environment can be tuned to yield
entangled states both in theory1,2,4,6 and experiment5,6. In parallel there has been consid-
erable effort in developing techniques of scanning tunneling microscope (STM) for probing
electron spin resonance (ESR) features. These ESR-STM studies are of two types, either
monitoring the current power spectrum in a DC bias employing a non-magnetic tip7–9, or
monitoring the DC current with a magnetic tip when an additional AC voltage is tuned to
resonance conditions10–12.
In the present work we show that STM methods provide a novel scenario for generating a
common environment between two spins, representing two qubits. The presence of two non-
degenerate spins has been proposed to account for the 1st type of ESR-STM phenomena3.
Here we study the case of degenerate spins which necessitates a new derivation of the appro-
priate Lindblad equation. We find a number of novel phenomena: (i) The tunneling elements
to the environments (tip and substrate) generate in general dissipation but also an exchange
coupling between the two spins; in presence of spin-orbit coupling a Dzyaloshinskii-Moriya
interaction is also generated. (ii) When the tunneling elements of the two spins are equal we
identify a dark state, i.e. an entangled state with infinite lifetime. (iii) The spin correlation
functions as measured by an STM, in presence of either exchange or dipolar interactions,
show additional resonances relative to those seen in conventional ESR.
In the following we use the Lindblad formalism5,15 where a system-environment inter-
action, in the interaction picture, is a product of operators Aj(t), Bj(t) in the system and
environment spaces, respectively, j = −J, . . . , J and A†j = A−j, B†j = B−j with eigenfre-
quency νj with ν−j = −νj i.e.
HSE =
∑
j=−J,...,J
Bj(t)Aje
−iνjt (1)
where the sum may contain a j = 0 term with ν0 = 0. The master equation for the
reduced density matrix, within the Markov approximation (environment correlations are
short ranged) and to 2nd order in HSE is
d
dt
ρS(t) =
∑
j,k
Γ˜jk(νk)e
−i(νk+νj)t[AkρS(t)Aj − AjAkρS(t)] + h.c. (2)
Γ˜jk(ω) =
∫ ∞
0
dτ 〈Bj(τ)Bk(0)〉Eeiωτ
2
where 〈. . .〉E denotes average on the environment. In the following we use a secular as-
sumption, i.e. only terms k, j for which νk + νj = 0 are kept. The neglect of terms with
finite frequency difference is justified when the latter is much larger than the linewidth. It
is important to note that we do include off-diagonal terms in view of degeneracies in our
system.
FIG. 1. Sketch of the system: the spins may be thought as being located in two channels where
electrons tunnel from a tip (parabola) to the substrate (below the flat line).
We proceed to our system with two degenerate spins described each by Pauli matrices τ
and a common Larmor frequency ν coupled by tunneling in parallel to the two environments
L, R. The latter have spin independent energies L, R and Hamiltonian HL = Lc†LcL, same
with L → R, and c†, c the corresponding electron creation and annihilation operators in
spinor notation. The Hamiltonian has the form (direct products describe matrices of spin 1
times those of spin 2),
H = 1
2
ντz ⊗ 1 + 12ν1⊗ τz + [J1c†RσcL · τ ⊗ 1 + J2c†RσuˆcL · 1⊗ τ + h.c.] +HL +HR (3)
where here we allow also uˆ = eiσzφe
1
2
iσyθ representing spin-orbit interaction for the 2nd
spin; this interaction is important for the coupling of an STM current to the spins3. The
exchange tunneling terms in Eq. (32) are derived from tunneling via a localized state that
has strong on-site Coulomb repulsion, which eliminates electron doubly occupied or zero
occupied situations, a derivation known as Schrieffer-Wolff transformation1,3. There are
additional terms that tunnel electrons from one lead and back to the same lead, however the
terms in (32) dominate at large voltage, i.e. eV  ν, kBT (T is temperature), the typical case
in STM experiments. The interaction picture is achieved with the unitary transformation
3
Ue = e
−i[ 1
2
ν1τz⊗1+ 12ν21⊗τz+Lc
†
LcL+Rc
†
RcR]t leading to HSE of the form (21) with
A1 = τ− ⊗ 1 ν1 = ν B1 = 2J1(c†Rσ+cLeiRLt + c†Lσ+cRe−iRLt)
A−1 = τ+ ⊗ 1 ν−1 = −ν B−1 = B†1
Az = τz ⊗ 1 νz = 0 Bz = J1c†RσzcLeiRLt + h.c.
A2 = 1⊗ τ− ν2 = ν B2 = 2J2(c†Rσ+uˆcLeiRLt + c†Luˆ†σ+cRe−iRLt)
A−2 = 1⊗ τ+ ν−2 = −ν B−2 = B†2
Az′ = 1⊗ τz νz′ = 0 Bz′ = J2c†RσzuˆcLeiRLt + h.c. (4)
The terms Az, Az′ are degenerate and produce off diagonal terms, as well as A1, A−2 or
A−1, A2. Plugging these forms in Eq. (2) is straightforward and is detailed in the supple-
mentary material. Here we outline the form of one particular term
dρ
dt
= . . .+ Γ˜2−1(−ν)ei(ν1−ν2)t[τ+ ⊗ 1ρS1⊗ τ− − τ+ ⊗ τ−ρS] + h.c.
Γ˜2−1(−ν) = 4J1J2N2(0) cos 12θe−iφ
∫
L,R
i{fR(R)(1− fL(L))
RL − ν + iη −
fL(L)(1− fR(R))
RL + ν − iη } (5)
where Tr[σ+uˆσ−] = Tr[uˆ†σ+σ−] = cos 12θe
−iφ is used, fR(R), fL(L) are the Fermi distribu-
tions, containg the voltage difference V , and N2(0) is the product electron density of states.
We note that the P.P. of this integral is strongly cutoff dependent, the cutoff Λ being the
electron bandwidth on either the tip or substrate, assumed comparable; the ν dependence
in this term is negligible since ν  Λ. The result is then, for e−(eV±ν)/kBT  1
Γ˜2−1(−ν) = 4J1J2N2(0) cos 12θe−iφ[pi(eV − ν) + iν ln
eV
Λ
− iδ2)]
δ2 = P.P.
∫
R,L
fL(L)− fR(R)
RL
≈ Λ ln 16Λ
2
|Λ2 − V 2| − V ln |
V + Λ
Λ− V | (6)
The P.P. term assumes a constant density of states N(0), so that the expression for δ2 is
taken just as an approximate indication that this term increases linearly with Λ and therefore
can be large.
Adding up all the degenerate terms that couple the two spins, i.e. Γ˜(±ν)i,j with i, j =
2,−1; −2, 1; 1,−2; −1, 2; z, z′; z′, z the imaginary terms combine into −i[Hint, ρS], i.e. iden-
tifying a shift of the Hamiltonian where
Hint = −Jexτ1 · τ2 + JDM [τ1 × τ2]z
Jex = 4J1J2N
2(0)δ2 cos
1
2
θ cosφ, JDM = 4J1J2N
2(0)δ2 cos
1
2
θ sinφ (7)
4
Hence an exchange term as well as a Dzyaloshinskii-Moriya interaction, the latter is allowed
in presence of spin-orbit coupling (φ 6= 0) on one of the spins, which also breaks the symmetry
between the two spins. We note that these generated interactions are similar in spirit to
the well known RKKY interaction17 that generates an exchange interaction between two
separated spins in a metal, the metal being a common reservoir. The RKKY coupling is
also sensitive to the cutoff as well as to the dimensionality of the metal17.
The density matrix is expanded in the a general form ρS(t) =
∑
α,β ρα,β(t)τα ⊗ τβ, with
α, β = 0, z,+,− so that τα = 1, τz, τ+, τ− and ρ00 = 14 . We exhibit now the dark state,
inspired by works on two qubit systems coupled by either a plasmonic waveguide18 or by
cavity electrodynamics4. We consider the case where the spins are equally coupled to the
environments J1 = J2 and θ = φ = 0 so that spin-orbit does not distinguish between the
spins. The proposed dark state is [|↑↓〉 − |↓↑〉]/√2. The corresponding density matrix
operator is dˆ, whose expectation is ρdark
dˆ = 1
2
|↑↓ − ↓↑〉 〈↑↓ − ↓↑| = 1
4
1⊗ 1− 1
4
τz ⊗ τz − 12τ+ ⊗ τ− − 12τ− ⊗ τ+
ρdark =
1
2
Tr[ρdˆ] = 1
4
− ρzz − 12ρ−+ − 12ρ+− (8)
From the full Lindblad equation (see supplementary material) we find
dρdark
dt
= −dρzz
dt
− 1
2
dρ+−
dt
− 1
2
dρ−+
dt
= 0 (9)
i.e. it is indeed a dark state and the decaying rates precisely cancel.
To derive correlation functions we consider ραβ as a vector of 16 entries so that the
Lindblad equation has the form dρ
dt
= Rρ with R a 16 × 16 matrix. Following the quan-
tum regression formula6, the Fourier transform of a correlation function can be written as
〈A(t)B(0)〉ω = −2Re Tr[A 1R+iωBρ∞], where ρ∞ is the steady state density matrix, i.e. the
solution of Rρ∞ = 0. We present in Fig. 1 the correlation function for the dark state, i.e.
〈dˆ(t)dˆ(0)〉ω, (dˆ→ dˆ− 141⊗ 1 here) for couplings close to the degenerate case J2J1 = 0.9. The
huge peak at ω = 0 diverges as J1 → J2, signifying a dark state. The dark state persists even
with exchange interaction and Fig. 1 is unchanged. However spin-orbit and DM interaction
eliminate the dark state.
Consider next correlation functions that are measured by either ESR or an STM probe.
To identify the various lines, diagonalize the system Hamiltonian, i.e. the Larmor term with
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FIG. 2. Correlation of the dark state operator for frequency νeV = 0.1 and electrode couplings
λ1 = 0.01, λ2 = 0.009 where λi = 16piN
2(0)J2i (i = 1, 2) and θ = φ = 0. The figure is the same for
either vanishing exchange interaction or with JexeV = 0.2.
Hint,
|↑↑〉 : E1 = ν − Jex
1√
2
[|↑↓〉+ eiψ |↓↑〉] : E2 = Jex + 2
√
J2ex + J
2
DM
1√
2
[|↑↓〉 − eiψ |↓↑〉] : E3 = Jex − 2
√
J2ex + J
2
DM
|↓↓〉 : E4 = −ν − Jex (10)
where tanψ = JDM
Jex
. If both interactions are strictly within our model Eq. (7), then
remarkably, ψ = φ, the spin-orbit phase.
Consider first the exchange only case (JDM = 0); an ESR experiment allows only transi-
tions within the triplet states at frequency ν. There are no transitions between the singlet
and triplet states, the reason is the opposite permutation symmetry of these states, while
the probing field is uniform in space. In contrast, we note that an STM experiment allows
the probing current to tunnel via only one spin, hence permutation symmetry does not hold.
The experiment would then show also singlet to triplet transition, i.e. total of 3 lines at
ν, 4Jex + ν, |4Jex − ν|. This remarkable effect is shown in Fig. 2 with the correlations
C1(ω) = 〈(τ− ⊗ τz + τz ⊗ τ−)t(τ+ ⊗ τz + τz ⊗ τ+)0〉ω + (ω → −ω)
C2(ω) = 〈(τ− ⊗ τz)t(τ+ ⊗ τz)0〉ω + (ω → −ω) (11)
Hence C1(ω) probes both spins equally, as in macroscopic ESR, while C2(ω) probes only one
spin, as allowed with STM. Fig. 2 shows that that the single line allowed in ESR becomes
6
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FIG. 3. Correlations of Eq. (11) with the same parameters as Fig. 1 and exchange interaction
Jex
eV = 0.2 for the correlation C1(ω) (left), and C2(ω) (right).
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FIG. 4. Correlations of Eq. (11) with the same parameters as Fig. 1 and exchange interaction
Jex
eV = 0.2 as well as DM interaction
JDM
eV = 0.2 (i.e. φ = pi/4) for the correlation C1(ω) (left), and
C2(ω) (right).
3 lines in the STM type measurement. Thus ESR-STM is capable of probing the spectra of
the dimer, i.e. the two-qubit system, in more detail.
The case with spin-orbit coupling where both Jex, JDM are finite, is asymmetric within
the dimer (only the 2nd spin has spin-orbit), hence both ESR and STM yield 4 lines:
ν ± [2√J2ex + J2DM − 2Jex] (i.e. the previous single line at ν is split), and [2√J2ex + J2DM −
2Jex]± ν. Note also that there is no dark state in this case. This case is shown in Fig. 3, for
the chosen case with Jex = JDM C1(ω) shows indeed 4 lines, however the additional two are
rather weak. The STM case represented by C2(ω) has four lines of comparable intensity.
We note that if there is an additional external interaction between the two spins Hext
one can proceed in two ways19: (i) Local method, where dissipative terms are evaluated for
the original system HS and then −i[Hext, ρS] is added to the master equation, or (ii) Global
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FIG. 5. Correlations of Eq. (11) with the same parameters as Fig. 1 and dipole interaction
D
eV = 0.9 for (a) the correlation C1(ω) (left), and (b) the correlation C2(ω) (right).
method where the total HS +Hext is diagonalized and then disspative terms evaluated. If
D is a measure of the strength of Hext then the global method fails when D → 0 since
its secular assumption ignores degeneracies that are present only at D = 0. If, however,
D is large then the local method fails with incorrect dissipative terms. The crossover of
validity between the two methods is estimated19 as D of order of the level spacing in HS.
We note that our previous Hint is formally treated as in the local method, yet this is valid
even for strong Jex or JDM since these particular interactions originate directly from the
system-environment coupling.
We consider as an example dipole-dipole interaction with the simplest symmetry that has
rotation invariance around the magnetic field axis20. This has a single parameter D such
that the interaction is
Hdipole = D
3
[τz ⊗ τz − τ+ ⊗ τ− − τ− ⊗ τ+] (12)
We study this coupling by adding −i[Hdipole, ρ] to the master equation (no exchange or DM
interactions), i.e. the ”local” method. This is essential for treating properly the Larmor
degeneracy as well as keeping the presence of a dark state. The practical validity of this
approach is expected19 to be D/3 . ν. The system energies are triplet states at 1
3
D±ν, −2
3
D
and a singlet state at energy 0. The allowed ESR transitions are within the triplet states
at |D ± ν|, while an STM experiment would show also the singlet-triplet transitions. i.e.
additional lines at |1
3
D ± ν|. This phenomena is shown in Fig. 4 with D
eV
= 0.9 which is
beyond the validity range, yet this is chosen for illustration purpose, i.e. to separate the
additional two lines of the STM method.
8
In conclusion, we have shown a number of novel resonance phenomena that can be
achieved by probing dimers with an STM based experiment. These phenomena include
generating exchange and DM interactions between the spins, the presence of a dark state (in
some cases) that is highly significant for quantum information applications, and finally the
observation of additional lines in the STM setup, providing more information on the dimer
state.
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Spin entanglement via STM current
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We present in this supplementary details of our derivation of the master equation for
various spin configurations, as well as matrix notations in section D needed for the evaluation
of correlation functions.
A. Single spin
As a preliminary, consider the Hamiltonian for a single spin. The strong Coulomb interac-
tion on the spin site allows virtual tunneling that involves the spins of the tunneling electrons
(Pauli operators σ) and the local spin (Pauli operators τ), derived via the Schrieffer-Wolff
transformation1
H = 1
2
ντz + [Jc
†
RσcL · τ + h.c.] +HL +HR (13)
Here ν is the Larmor frequency (~ = 1), and HL =
∑
k kLc
†
kLckL, HR =
∑
k kRc
†
kRckR are
the environment (electrode) Hamiltonians with c†, c spinors (between which σ is acting); the
energy levels kL, kR include a relative voltage V . The tunneling is dominated by a single
site so that cL =
∑
k ckL, cR =
∑
k ckR. In general there are additional exchange terms of the
form c†RσcR · τ , c†LσcL · τ , however these lead to relaxation rates ∼ 1/β (the temperature)
while the term in (13) leads to ∼ eV , hence for the interesting case eV  1/β the latter
dominates.
The interaction picture is obtained by the evolution operator (k is implicit in the spectra
and operators)
Ue = e
−i( 1
2
ντz+Lc
†
LcL+Rc
†
RcR)t
U †e c
†
RcLUe = c
†
RcLe
iRLt RL = R − L, U †e τ−Ue = τ−e−iνt (14)
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Using σ · τ = 2σ+τ− + 2σ−τ+ + σzτz the system-environment (SE) coupling (2nd term of
(13)) in the interaction picture becomes
HSE = 2Jc†Rσ+cLτ−eiRLt−iνt + 2Jc†Rσ−cLτ+eiRLt+iνt + Jc†RσzcLτzeiRLt + h.c. (15)
Hence the form of Eq. (1) in the main text with
A1 = τ− ν1 = ν B1 = 2J(c
†
Rσ+cLe
iRLt + c†Lσ+cRe
−iRLt)
A−1 = τ+ ν−1 = −ν B−1 = B†1
Az = τz νz = 0 Bz = Jc
†
RσzcLe
iRLt + h.c. (16)
Consider the correlation (implicit integration on R, L)
Γ1,−1(s) = 4J2 Tr[(c
†
Rσ+cLe
iRLs + c†Lσ+cRe
−iRLs)(c†Lσ−cR + c
†
Rσ−cL)ρE]
= 4J2{fR(R)(1− fL(L)) Tr[σ+σ−]eiRLs + fL(L)(1− fR(R)) Tr[σ−σ+]e−iRLs}
Γ−1,1(s) = 4J2 Tr[(c
†
Lσ−cRe
−iRLs + c†Rσ−cLe
iRLs)(c†Rσ+cL + c
†
Lσ+cR)ρE] = Γ1,−1(s) (17)
since Tr[σ+σ−] = Tr[σ−σ+] = 1. With a convergence factor η
∫∞
0
eiRLs+iωs−ηsds =
−1
i(RL+ω+iη)
,
Γ˜1,−1(ω) = 4J2N2(0)
∫
R,L
{−fL(L)(1− fR(R))
i(−RL + ω + iη) +
−fR(R)(1− fL(L))
i(RL + ω + iη)
} ⇒
1
2
γ1(ω) = ReΓ˜1,−1(ω) = 4piJ2N2(0)
∫
L
[fL(L)(1− fR(L + ω)) + fR(L − ω)(1− fL(L))]
= 4piJ2N2(0){(eV + ω) e
β(eV+ω)
eβ(eV+ω) − 1 + (−eV + ω)
eβ(−eV+ω)
eβ(−eV+ω) − 1} (18)
where N(0) is the density of states of either environment (we assume that N() is constant,
valid for eV  bandwidth). For V = 0 FDT is obeyed with the bath temperature, however,
not for V 6= 0,
V = 0 : γ1(ω) = 16piJ
2N2(0)ω
eβω
eβω − 1 ⇒ γ1(−ω) = e
−βωγ1(ω)
e−β(eV±ω)  1 : γ1(ω) = 8piJ2N2(0)(eV + ω) +O(e−β(eV±ω))⇒
e−β
∗ω ≡ eV − ω
eV + ω
⇒ γ1(−ω) = e−β∗ωγ1(ω) (19)
1/β∗ defines an effective temperature for the spin population, which in general depends on
the frequency ω = ν; if eV  1/β, ω then β∗ → 2/eV . The condition e−β(eV±ω)  1
simplifies the following calculation, though it is not essential. Furthermore, it justifies the
Markoff assumption since for ω . eV γ1(ω) is weakly ω dependent and Γ1(s) is short ranged.
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The imaginary part generates in general a term ∼ −i[H′, ρS] so that H′ is a shift of the
Hamiltonian. We have,
ImΓ˜1,−1(ω) = −4J2N2(0)P.P.
∫
R,L
fL(L)(1− fR(R))(RL + ω)− fR(R)(1− fL(L))(RL − ω)
2RL − ω2
= −4J2N2(0)P.P.
∫
R,L
{ωfL(L)(1− fR(R)) + fR(R)(1− fL(L))
2RL − ω2
+ RL
fL(L)− fR(R)
2RL − ω2
}
≈ −4J2N2(0){ω ln eV
Λ
+ P.P.
∫
R,L
fL(L)− fR(R)
RL
} (20)
where a cutoff Λ & eV is needed. The 1st term of ImΓ˜1,−1(ω) is smaller than the resonance
linewidth (see below), yet we keep it, neglecting only e−β(eV±ω) terms. The 2nd term of
ImΓ˜1,−1(ω) strongly depends on cutoffs so that the ω dependence can be neglected, this
term is
≈ −4J2N2(0)P.P.{
∫ Λ
−Λ
dRfR(R)
∫ Λ′
−Λ′
dL
L − R −
∫ Λ′
−Λ′
dLfL(L)
∫ Λ
−Λ
dR
L − R}
= −4J2N2(0){2Λ′ ln Λ + Λ
′
Λ′
+ Λ ln
(Λ + Λ′)2
|Λ2 − V 2| − V ln |
V + Λ
Λ− V |} ≡ −4J
2N2(0)δ2
⇒ ImΓ˜1,−1(ω) = −4J2N2(0)(ω ln eV
Λ
+ δ2) (21)
where Λ,Λ′ are the cutoffs (bandwidths) of the R,L electrodes, respectively, and temperature
is neglected, being relatively small. When Λ,Λ′  V then δ2 = 2Λ′ ln Λ+Λ′Λ′ + 2Λ ln Λ+Λ
′
Λ
, i.e.
it diverges logarithmicaly when one of the cutoffs is large and linearly when both are large.
In the case of 2-spins (see below) this term leads to an RKKY type exchange interaction
between the spins.
For the z correlation, the integral is the same as for Γ1,−1 except that ω = 0, hence
Γzz(s) = J
2 Tr[(c†RσzcLe
iRLs + h.c.)(c†RσzcL + h.c.)ρE] =
J2fL(L)(1− fR(R)) Tr[σ2z ]e−iRLs + J2fR(R)(1− fL(L)) Tr[σ2z ]e+iRLs
ImΓ˜zz(0) = 2J
2N2(0)
∫
RL
{−fL(L)(1− fR(R))
i(−RL + iη) +
−fR(R)(1− fL(L))
i(RL + iη)
}
= 2piJ2N2(0)eV − 2iJ2N2(0)δ2 (22)
The master equation (Eq. (2) in the main text) becomes
dρS
dt
=Γ1,−1(−ν)[τ+ρSτ− − τ−τ+ρS] + Γ−1,1(ν)[τ−ρSτ+ − τ+τ−ρS] + Γzz(0)[τzρSτz − τ 2z ρS] + h.c.
(23)
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Consider first only imaginary terms, defining δ1 = ν ln
V
Λ
,
−4iJ2N2(0){(−δ1 + δ2)[τ+ρSτ− − τ−τ+ρS]− (−δ1 + δ2)[τ+ρSτ− − ρSτ−τ+] + (δ1 + δ2)[τ−ρSτ+ − τ+τ−ρS]
−(δ1 + δ2)[τ−ρSτ+ − ρSτ+τ−] + 12δ2[τzρSτz − ρS]− 12δ2[τzρSτz − ρS]} ≡ −i[H′, ρS] (24)
H′ = −4J2N2(0)[(−δ1 + δ2)τ−τ+ + (δ1 + δ2)τ+τ−] = −4J2N2(0)[δ1τz + δ2 · 1]
Hence δ1 can be included as a shift of the Larmor frequency (which is actually smaller than
the linewidth) while δ2 is a mere constant in the effective Hamiltonian.
Denoting γ1 = γ±1(−ν), γ−1 = γ±1(ν), the master equation for ρS = 12 · 1 + ρz(t)τz +
ρ+(t)τ+ + ρ−(t)τ− becomes (without the imaginary terms)
d
dt
[ρz(t)τz + ρ+(t)τ+ + ρ−τ−]
= γ0[τzρSτz − ρS] + 12γ1[τ+ρSτ− − τ−τ+ρS + h.c.] + 12γ−1[τ−ρSτ+ − τ+τ−ρS + h.c.]
= γ0[ρ+(τzτ+τz − τ+) + h.c.] + 12γ1[τz + ρz(τ+τzτ− − τ−τ+τz + h.c.)− ρ−τ− − ρ+τ+)]
+1
2
γ−1[−τz + ρz(τ−τzτ+ − τ+τ−τz + h.c.)− ρ+τ+ − ρ−τ−)] (25)
= −2γ0(ρ+τ+ + ρ−τ−)− 12γ1(−τz + 2ρzτz + ρ−τ− + ρ+τ+)− 12γ−1(τz + 2ρzτz + ρ+τ+ + ρ−τ−)
using τzτ± = ±τ±, τ+τzτ− − τ−τ+τz = −τz, τ+τ−τ+ = τ+, [τ+, τ−] = τz. Comparing coeffi-
cients yields the standard form of a Bloch equation,
dρz
dt
= −(γ1 + γ−1)ρz + 12(γ1 − γ−1) = −
1
T1
(ρz − ρ0z)
dρ+
dt
= −2γ0ρ+ − 12(γ1 + γ−1)ρ+ = −
1
T2
ρ+
1
T1
= 16piJ2eV N2(0),
1
T2
=
1
2T1
+ 2γ0 = 16piJ
2eV N2(0) (26)
Since ρ0z =
1
2
〈σz〉0 = −12 tanh 12β∗ν [〈σz〉0 < 0 for ν > 0, as expected]. From (18), with full
dependence on parameters
ρ0z =
−ν
eV+ν
tanh
1
2
β(eV+ν)
+ eV−ν
tanh
1
2
β(eV−ν)
a result known from studies of the Kondo model2.
B. Two spins ν1 6= ν2
Consider two spins with Pauli operators τ1, τ2 and Larmor frequencies ν1, ν2 so that
|ν1 − ν2|  Γ, where Γ is a typical linewidth or 1/T2. The secular treatment is valid in this
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case, i.e. time dependent term ∼ ei(ν1−ν2)t are neglected. The latter terms become significant
when ν1 = ν2, treated in the next subsection. Both spins are coupled by tunneling in parallel
to the two environments L, R. The Hamiltonian has the form
H = 1
2
ν1τz ⊗ 1 + 12ν21⊗ τz + [J1c†RσcL · τ ⊗ 1 + J2c†RσuˆcL · 1⊗ τ + h.c.] +HR,L (27)
where here we allow also uˆ = eiσzφe
1
2
iσyθ representing spin-orbit on the 2nd spin tunneling3.
The interaction picture yields
Ue = e
−i[ 1
2
ν1τz⊗1+ 12ν21⊗τz+Lc
†
LcL+Rc
†
RcR]t (28)
HSE = 2J1c†Rσ+cLτ− ⊗ 1eiRLt−iν1t + 2J1c†Rσ−cLτ+ ⊗ 1eiRLt+iν1t + J1c†RσzcLτz ⊗ 1eiRLt +
J2[2c
†
Rσ+uˆcL ⊗ τ−eiRLt−iν2t + 2c†Rσ−uˆcL ⊗ τ+eiRLt+iν2t + c†RσzuˆcL ⊗ τzeiRLt] + h.c.
Hence HSE has the form of Eq. (1) in the main text with
A1 = τ− ⊗ 1 ν1 B1 = 2J1(c†Rσ+cLeiRLt + c†Lσ+cRe−iRLt)
A−1 = τ+ ⊗ 1 ν−1 = −ν1 B−1 = B†1
Az = τz ⊗ 1 νz = 0 Bz = J1c†RσzcLeiRLt + h.c.
A2 = 1⊗ τ− ν2 B2 = 2J2(eiχc†Rσ+uˆcLeiRLt + e−iχc†Luˆ†σ+cRe−iRLt)
A−2 = 1⊗ τ+ ν−2 = −ν2 B−2 = B†2
Az′ = 1⊗ τz νz′ = 0 Bz′ = J2eiχc†RσzuˆcLeiRLt + h.c. (29)
The terms Bz, Bz′ are degenerate and produce off diagonal terms, while correlations like
B1B−2 are neglected since |ν1 − ν2|  Γ. Therefore all correlations except BzBz′ follow
their diagonal form Eq. 18 with J1, J2, respectively and the corresponding imaginary terms
produce a small shift ≈ −4J2i N2(0)νi ln eVΛ in νi, i = 1, 2 (note that in Γ2,−2(s) uˆ†uˆ = 1).
Hence for e−β(eV±ν1,2)  1 the real parts are
Γ˜1−1(−ν1) = 4piJ21N2(0)(eV − ν1), Γ˜2−2(−ν2) = 4piJ22N2(0)(eV − ν2)
Γ˜−11(ν1) = 4piJ21N
2(0)(eV + ν1), Γ˜−22(ν2) = 4piJ22N
2(0)(eV + ν2)
Γ˜zz(0) =
1
2
γ01 = 2piJ
2
1N
2(0)eV, Γ˜z′z′(0) =
1
2
γ02 = 2piJ
2
2N
2(0)eV (30)
The real parts define 1
2
γ±i = 4piJ2i N
2(0)(eV ∓ νi).
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The off diagonal term is
Γzz′ = Tr[Bz(s)Bz′(0)ρE] = J1J2〈(c†RσzcLeiRLs + c†LσzcRe−iRLs)(c†RσzuˆcL + c†Luˆ†σzcR)〉
= J1J2{fR(R)(1− fL(L))eiRLt Tr[σ2z uˆ†] + fL(L)(1− fR(R))e−iRLt Tr[σ2z uˆ]} (31)
Γ˜zz′(ω) = 2J1J2N
2(0) cos 1
2
θ cosφ
∫
R,L
{−fL(L)(1− fR(R))
i(ω − RL + iη) +
−fR(R)(1− fL(L))
i(ω + RL + iη)
}
ReΓ˜zz′(0) = γz = 2piJ1J2N
2(0)eV cos 1
2
θ cosφ, ImΓ˜zz′(0) = −2J1J2N2(0) cos 12θ cosφ · δ2
using Tr[uˆ] = Tr[uˆ†] = 2 cos 1
2
θ cosφ and neglecting in the real part the fR(L))(1− fL(L))
term when eV > 0 on the L lead. Note also Γz′z(s) = Γzz′(s).
The imaginary term ∼ δ2 produces in the master equation
iImΓ˜zz′(0)[1⊗ τzρSτz ⊗ 1− τz ⊗ τzρS − τz ⊗ 1ρS1⊗ τz + ρSτz ⊗ τz] +
iImΓ˜z′z(0)[τz ⊗ 1ρS1⊗ τz − τz ⊗ τzρS − 1⊗ τzρSτz ⊗ 1 + ρSτz ⊗ τz] = −i[H1, ρS]
H1 = −Jexτz ⊗ τz, Jex = 4J1J2N2(0) cos 12θ cosφ · δ2 (32)
This anisotropic exchange term may have a noticeable shift on the observed resonance fre-
quencies.
Consider a general form ρS(t) =
∑
α,β ρα,β(t)τα ⊗ τβ, with α, β = 0, z,+,− so that
τα = 1, τz, τ+, τ− and ρ00 = 14 . The diagonal terms produce the same terms as in (26) except
that the ρ00 =
1
4
replaces the ρ00 =
1
2
of the single spin case, changing the equilibrium
definitions. Apart from ρ±,± (see below) we have
dρz0
dt
= − 1
T
(1)
1
(ρz0 − ρ0z0),
dρ0z
dt
= − 1
T
(2)
1
(ρ0z − ρ00z), ρ0z0 =
1
4
γ1 − γ−1
γ1 + γ−1
, ρ00z =
1
4
γ2 − γ−2
γ2 + γ−2
dρ+0
dt
= − 1
T
(1)
2
ρ+0,
dρ0+
dt
= − 1
T
(2)
2
ρ0+,
1
T
(i)
1
= γi + γ−i,
1
T
(i)
2
= 1
2
(γi + γ−i) + 2γ0i
dρzz
dt
= −(γ1 + γ−1)ρzz + (γ1 − γ−1)ρ0z − (γ2 + γ−2)ρzz + (γ2 − γ−2)ρz0
dρz+
dt
= −(γ1 + γ−1)ρz+ + (γ1 − γ−1)ρ0+ − 1
T
(2)
2
ρz+
dρ+z
dt
= − 1
T
(1)
2
ρ+z − (γ2 + γ−2)ρ+z + (γ2 − γ−2)ρ+0 (33)
where T
(1),(2)
2 are the corresponding T2 relaxation times. Equations with +→ − are related
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by c.c. (ρS is hermitian), e.g. ρz− = ρ∗z+. In equilibrium (note β
∗
i depends on νi, i = 1, 2)
Sz1 =
1
2
τz ⊗ 1, 〈Sz1〉0 = 2ρ0z0 = −12 tanh(12β∗1ν1) ≈ −
ν1
2eV
Sz2 =
1
2
1⊗ τz, 〈Sz2〉 = 2ρ00z = −12 tanh(12β∗2ν2)
Sz1Sz2 =
1
4
τz ⊗ τz, 〈Sz1Sz2〉0 = ρ0zz =
(γ1 − γ−1)ρ00z + (γ2 − γ−2)ρ0z0
γ1 + γ−1 + γ2 + γ−2
=
1
4
tanh(1
2
β∗1ν1) tanh(
1
2
β∗2ν2) = 〈Sz1〉0〈Sz2〉0 . (34)
Consider next the ReΓ˜zz′(0) = γz term in the master equation
ReΓ˜zz′(0)[Az′ρSAz − AzAz′ρS] + h.c. = γz
∑
α,β
ραβ[1⊗ τz · τα ⊗ τβ · τz ⊗ 1
−τz ⊗ 1 · 1⊗ τz · τα ⊗ τβ] + h.c. = γz
∑
α,β
ραβ[τατz ⊗ τzτβ − τzτα ⊗ τzτβ] + h.c.
= γz
∑
±,β
2ρ±β(∓)τ± ⊗ τzτβ + h.c. = γz
∑
±,β=0,z′
2[ρ±β(∓)τ± ⊗ τzτβ + ρ∓β(∓)τ∓ ⊗ τzτβ] +
γz
∑
±,±
2[ρ±,±(∓)τ± ⊗ (±)τ± + ρ∓,∓(∓)τ∓ ⊗ (±)τ∓] = 4γz
∑
±,±
ρ±,±(∓)τ± ⊗ (±)τ± (35)
the indices ± for α, β are uncorrelated; on the 3rd line above only α = ± contributes, using
τzτ± = ±τ±, τ±τz = ∓τ± and γz is real. Similarly, for Γ˜z′z only β = ± contributes, hence
γz[AzρSAz′ − Az′AzρS] + h.c. = γz
∑
α,β
ραβ[τz ⊗ 1 · τα ⊗ τβ · 1⊗ τz
−1⊗ τz · τz ⊗ 1 · τα ⊗ τβ] + h.c. = γz
∑
α,β
ραβ[τzτα ⊗ τβτz − τzτα ⊗ τzτβ] + h.c.
= γz
∑
α,±
2ρα,±τzτα ⊗ (∓)τ± + h.c. = γz
∑
α=0,z,β=±
2[ρα,±τzτα ⊗ (∓)τ± + ρα,∓τzτα ⊗ (∓)τ∓]
+γz
∑
±,±
2[ρ±,±(±)τ± ⊗ (∓)τ± + ρ∓,∓(±)τ∓ ⊗ (∓)τ∓] = 4γz
∑
±,±
ρ±,±(±)τ± ⊗ (∓)τ± (36)
Hence the equation that completes (33) is
dρα,±α
dt
= −( 1
T
(1)
2
+
1
T
(2)
2
± 8γz)ρα,±α = −16pieV N2(0)[J21 + J22 ± J1J2 cos 12θ cosφ]ρα,±α
(37)
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C. Two resonant spins ν1 = ν2 ≡ ν
The case ν1 = ν2 ≡ ν allows for new time independent terms in the master equation
(Eq. (2) in the main text)
dρ
dt
= ...+Γ˜2−1(−ν1)[τ+ ⊗ 1ρS1⊗ τ− − τ+ ⊗ τ−ρS] + h.c.
+Γ˜−21(ν1)[τ− ⊗ 1ρS1⊗ τ+ − τ− ⊗ τ+ρS] + h.c.
+Γ˜1−2(−ν2)[1⊗ τ+ρSτ− ⊗ 1− τ− ⊗ τ+ρS] + h.c.
+Γ˜−12(ν2)[1⊗ τ−ρSτ+ ⊗ 1− τ+ ⊗ τ−ρS] + h.c. (38)
The correlations are
Γ˜2−1(−ν1) =
∫ ∞
0
Tr[B2(s)B−1(0)ρE]e−iν1sds
= 4J1J2
∫ ∞
0
Tr[(c†Rσ+cLe
iRLs + c†Lσ+cRe
−iRLs)(c†Lσ−cR + c
†
Rσ−cL)ρE]e
−iν1sds = 4J1J2 ×∫ ∞
0
{fR(R)(1− fL(L)) Tr[σ+uˆσ−]eiRLs + fL(L)(1− fR(R)) Tr[uˆ†σ+σ−]e−iRLs}e−iν1sds
= η(eV − ν)e−iφ − i η
pi
(−δ1 + δ2)e−iφ +O(e−β(eV±ν)) (39)
where Tr[σ+uˆσ−] = Tr[uˆ†σ+σ−] = cos 12θe
−iφ, η = 4piJ1J2N2(0) cos 12θ, δ1 = ν ln
eV
Λ
, δ2 is
defined in Eq. (21). The integral above is identical to that of Eq. (18), so that the last line
is obtained from (18,21) with J2 → J1J2 cos 12θe−iφ.
The other correlations are then
Γ˜−21(ν1) =
∫ ∞
0
Tr[B−2(s)B1(0)ρE]eiν1sds
= 4J1J2
∫ ∞
0
Tr[(c†Luˆ
†σ−cRe−iRLs + c
†
Rσ−uˆcLe
iRLs)(c†Rσ+cL + c
†
Lσ+cR)ρE]e
iν1sds = 4J1J2 ×∫ ∞
0
{fR(R)(1− fL(L)) Tr[σ−uˆσ+]eiRLs + fL(L)(1− fR(R)) Tr[uˆ†σ−σ+]e−iRLs}eiν1sds
= η(eV + ν)eiφ − i η
pi
(δ1 + δ2)e
iφ +O(e−β(eV±ν)) (40)
Γ˜1−2(−ν2) = 4J1J2
∫ ∞
0
Tr[(c†Rσ+cLe
iRLs + c†Lσ+cRe
−iRLs)(c†Luˆ
†σ−cL + c
†
Rσ−uˆcL)ρE]e
−iν2sds
= 4J1J2
∫ ∞
0
{fR(R)(1− fL(L)) Tr[σ+uˆ†σ−]eiRLs + fL(L)(1− fR(R)) Tr[σ+σ−uˆ]e−iRLs}e−iν2sds
= η(eV − ν)eiφ − i η
pi
(−δ1 + δ2)eiφ +O(e−β(eV±ν)) (41)
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Γ˜−12(ν2) = 4J1J2
∫ ∞
0
Tr[(c†Lσ−cRe
−iRLs + c†Rσ−cLe
iRLs)(c†Rσ+uˆcL + c
†
Luˆ
†σ+cR)ρE]eiν2sds
= 4J1J2
∫ ∞
0
{fR(R)(1− fL(L)) Tr[σ−uˆ†σ+]eiRLs + fL(L)(1− fR(R)) Tr[σ−σ+uˆ]e−iRLs}eiν2sds
= η(eV + ν)e−iφ − i η
pi
(δ1 + δ2)e
−iφ +O(e−β(eV±ν)) (42)
Consider next all imaginary terms
−i η
pi
(−δ1 + δ2)e−iφ[τ+ ⊗ 1ρS1⊗ τ− − τ+ ⊗ τ−ρS] + i η
pi
(−δ1 + δ2)eiφ[1⊗ τ+ρSτ− ⊗ 1− ρSτ− ⊗ τ+]
−i η
pi
(δ1 + δ2)e
iφ[τ− ⊗ 1ρS1⊗ τ+ − τ− ⊗ τ+ρS] + i η
pi
(δ1 + δ2)e
−iφ[1⊗ τ−ρSτ+ ⊗ 1− ρSτ+ ⊗ τ−]
−i η
pi
(−δ1 + δ2)eiφ[1⊗ τ+ρSτ− ⊗ 1− τ− ⊗ τ+ρS] + i η
pi
(−δ1 + δ2)e−iφ[τ+ ⊗ 1ρS1⊗ τ− − ρSτ+ ⊗ τ−]
−i η
pi
(δ1 + δ2)e
−iφ[1⊗ τ−ρSτ+ ⊗ 1− τ+ ⊗ τ−ρS] + i η
pi
(δ1 + δ2)e
iφ[τ− ⊗ 1ρS1⊗ τ+ − ρSτ− ⊗ τ+] =
2i
η
pi
δ2[e
−iφτ+ ⊗ τ−ρS + eiφτ− ⊗ τ+ρS − eiφρSτ− ⊗ τ+ − e−iφρSτ+ ⊗ τ−] = −i[H2, ρS] (43)
⇒ H2 = −2η
pi
δ2e
−iφτ+ ⊗ τ− + h.c = −η
pi
δ2 cosφ[τx ⊗ τx + τy ⊗ τy]−+η
pi
δ2 sinφ[τx ⊗ τy − τy ⊗ τx]
Note that δ1 cancels, as it changes sign with ν. The zz
′ correlation is the same as for the
ν1 6= ν2 case, Eq. (32), so that the total induced Hamiltonian for the two spin operators
becomes
H3 = H1 +H2 = −Jexτ1 · τ2 + JDM [τ1 × τ2]z
Jex = 4J1J2N
2(0)δ2 cos
1
2
θ cosφ, JDM = 4J1J2N
2(0)δ2 cos
1
2
θ sinφ (44)
where JDM is a Dzyaloshinskii-Moriya coupling
4.
The various real contributions to the master equation are (up to their c.c.)
Γ˜2−1(−ν1) = η(eV − ν)e−iφ : τ+ ⊗ 1
∑
αβ
ραβτα ⊗ τβ 1⊗ τ− − τ+ ⊗ τ−
∑
αβ
ραβτα ⊗ τβ (45)
=
∑
α
∑
β=z,+
ραβ[τ+τα ⊗ τβτ− − τ+τα ⊗ τ−τβ] =
∑
α=0,z,−
[−2ραzτ+τα ⊗ τ− + ρα+τ+τα ⊗ τz]
= −2ρ0zτ+ ⊗ τ− + 2ρzzτ+ ⊗ τ− − ρ−z(1 + τz)⊗ τ− + ρ0+τ+ ⊗ τz − ρz+τ+ ⊗ τz + 12ρ−+(1 + τz)⊗ τz
Γ˜−21(ν1) = η(eV + ν)eiφ : τ− ⊗ 1
∑
αβ
ραβτα ⊗ τβ 1⊗ τ+ − τ− ⊗ τ+
∑
αβ
ραβτα ⊗ τβ (46)
=
∑
α
∑
β=z,−
ραβ[τ−τα ⊗ τβτ+ − τ−τα ⊗ τ+τβ] =
∑
α=0,z,+
[2ραzτ−τα ⊗ τ+ − ρα−τ−τα ⊗ τz]
= 2ρ0zτ− ⊗ τ+ + 2ρzzτ− ⊗ τ+ + ρ+z(1− τz)⊗ τ+ − ρ0−τ− ⊗ τz − ρz−τ− ⊗ τz − 12ρ+−(1− τz)⊗ τz
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Γ˜1−2(−ν2) = η(eV − ν)eiφ : 1⊗ τ+
∑
αβ
ραβτα ⊗ τβ τ− ⊗ 1− τ− ⊗ τ+
∑
αβ
ραβτα ⊗ τβ (47)
=
∑
β
∑
α=z,+
ραβ[τατ− ⊗ τ+τβ − τ−τα ⊗ τ+τβ] =
∑
β=0,z,−
[−2ρzβτ− ⊗ τ+τβ + ρ+βτz ⊗ τ+τβ]
= −2ρz0τ− ⊗ τ+ + 2ρzzτ− ⊗ τ+ − ρz−τ− ⊗ (1 + τz) + ρ+0τz ⊗ τ+ − ρ+zτz ⊗ τ+ + 12ρ+−τz ⊗ (1 + τz)
Γ˜−12(ν2) = η(eV + ν)e−iφ : 1⊗ τ−
∑
αβ
ραβτα ⊗ τβ τ+ ⊗ 1− τ+ ⊗ τ−
∑
αβ
ραβτα ⊗ τβ (48)
=
∑
β
∑
α=z,−
ραβ[τατ+ ⊗ τ−τβ − τ+τα ⊗ τ−τβ] =
∑
β=0,z,+
[2ρzβτ+ ⊗ τ−τβ − ρ−βτz ⊗ τ−τβ]
= 2ρz0τ+ ⊗ τ− + 2ρzzτ+ ⊗ τ− + ρz+τ+ ⊗ (1− τz)− ρ−0τz ⊗ τ− − ρ−zτz ⊗ τ− − 12ρ−+τz ⊗ (1− τz)
The addition to the previous terms of Eqs. (33,37) (denoted by ...) of the master’s equation,
keeping ∼ ν terms, while neglecting O(e−β(eV±ν)), are
dρz0
dt
= ...+ 1
2
η(eV − ν)eiφρ+− − 12η(eV + ν)e−iφρ−+ + c.c = −ην(eiφρ+− + e−iφρ−+)
dρ0z
dt
= ...+ 1
2
η(eV − ν)e−iφρ−+ − 12η(eV + ν)eiφρ+− + c.c = −ην(eiφρ+− + e−iφρ−+)
dρ+0
dt
= −η(eV − ν)e−iφρz+ + η(eV + ν)e−iφρz+ = 2ηνe−iφρz+
dρ0+
dt
= −η(eV − ν)eiφρ+z + η(eV + ν)eiφρ+z = 2ηνeiφρ+z
dρzz
dt
= ...+ 1
2
η(eV − ν)e−iφρ−+ + 12η(eV + ν)eiφρ+− + 12η(eV − ν)eiφρ+−
+1
2
η(eV + ν)e−iφρ−+ + c.c. = 2ηeV (eiφρ+− + e−iφρ−+)
dρz+
dt
= ...+ ηeiφ[−(eV − ν)ρ+z − (eV + ν)ρ+z + (eV − ν)ρ+0
−(eV − ν)ρ+z − (eV + ν)ρ+0 − (eV + ν)ρ+z] = ηeiφ[−4eV ρ+z − 2νρ+0]
dρ+z
dt
= ...+ ηe−iφ[(eV − ν)ρ0+ − (eV − ν)ρz+ − (eV + ν)ρ0+
−(eV + ν)ρz+ − (eV − ν)ρz+ − (eV + ν)ρz+] = ηe−iφ[−4eV ρz+ − 2νρ0+]
dρ+−
dt
= ...+ 2ηe−iφ[−(eV − ν)ρ0z + (eV − ν)ρzz + (eV + ν)ρ0z + (eV + ν)ρzz
−(eV − ν)ρz0 + (eV − ν)ρzz + (eV + ν)ρz0 + (eV + ν)ρzz]
= 4ηe−iφ[νρ0z + νρz0 + 2eV ρzz]
dρ++
dt
= ...+ 0 (49)
The final equations for density matrix in the form of a 16-vector are next ordered such
that the 16x16 R matrix can be readily identified, i.e. dρ
dt
= Rρ. We also display the result
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in the Lab frame, i.e. ρ → UeρU †e , e.g. Ueτ+ ⊗ 1U †e = τ+ ⊗ 1e−iνt. With the notation
λ1 = 16piN
2(0)J21 , λ2 = 16piN
2(0)J22 , ν¯ =
ν
eV
and time in units of eV ,
dρz0
dt
= −λ1(ρz0 + 14 ν¯)− 14 ν¯
√
λ1λ2 cos
1
2
θ(eiφρ+− + e−iφρ−+)
dρ+0
dt
= −(λ1 + iν¯)ρ+0 + 12 ν¯
√
λ1λ2 cos
1
2
θe−iφρz+
dρ−0
dt
= −(λ1 − iν¯)ρ−0 + 12 ν¯
√
λ1λ2 cos
1
2
θeiφρz−
dρ0z
dt
= −λ2(ρ0z + 14 ν¯)− 14 ν¯
√
λ1λ2 cos
1
2
θ(eiφρ+− + e−iφρ−+)
dρzz
dt
= −(λ1 + λ2)ρzz − λ1ν¯ρ0z − λ2ν¯ρz0 + 12
√
λ1λ2 cos
1
2
θ(eiφρ+− + e−iφρ−+)
dρ+z
dt
= −(λ1 + λ2 + iν¯)ρ+z − λ2ν¯ρ+0 −
√
λ1λ2 cos
1
2
θe−iφ(ρz+ + 12 ν¯ρ0+)
dρ−z
dt
= −(λ1 + λ2 − iν¯)ρ−z − λ2ν¯ρ−0 −
√
λ1λ2 cos
1
2
θeiφ(ρz− + 12 ν¯ρ0−)
dρ0+
dt
= −(λ2 + iν¯)ρ0+ + 12 ν¯
√
λ1λ2 cos
1
2
θeiφρ+z
dρz+
dt
= −(λ1 + λ2 + iν¯)ρz+ − λ1ν¯ρ0+ −
√
λ1λ2 cos
1
2
θeiφ(ρ+z +
1
2
ν¯ρ+0)
dρ++
dt
= −[λ1 + λ2 +
√
λ1λ2 cos
1
2
θ cosφ+ 2iν¯]ρ++
dρ−+
dt
= −[λ1 + λ2 −
√
λ1λ2 cos
1
2
θ cosφ]ρ−+ +
√
λ1λ2 cos
1
2
θeiφ(2ρzz + ν¯ρ0z + ν¯ρz0)
dρ0−
dt
= −(λ2 − iν¯)ρ0+ + 12 ν¯
√
λ1λ2 cos
1
2
θe−iφρ−z
dρz−
dt
= −(λ1 + λ2 − iν¯)ρz− − λ1ν¯1ρ0− −
√
λ1λ2 cos
1
2
θe−iφ(ρ−z + 12 ν¯ρ−0)
dρ+−
dt
= −[λ1 + λ2 −
√
λ1λ2 cos
1
2
θ cosφ]ρ+− +
√
λ1λ2 cos
1
2
θe−iφ(2ρzz + ν¯ρ0z + ν¯ρz0)
dρ−−
dt
= −[λ1 + λ2 +
√
λ1λ2 cos
1
2
θ cosφ− 2iν¯]ρ−−
(50)
One needs to add −i[H3, ρS], the exchange and DM interactions.
In the steady state ρ+0 = ρ0+ = ρ+z = ρ+z = ρ++ = 0 and after some algebra, remarkably
ρ+− = ρ−+ = 0, hence the only finite elements are
ρz0 = ρ0z = −14 ν¯ , ρzz = 14 ν¯2 (51)
The connected part is then ρzz−4ρzoρ0z = 0 (for the factor 4 see (34)), hence no entanglement
in the steady state.
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D. Matrix notations
In this subsection we define our matrix notations and illustrate them for a single spin
1/2. The system Hamiltonian is HS = 12νσz where ν is the Larmor frequency and σx, σy, σz
are Pauli matrices. The 2x2 density matrix ρ˜αβ, α, β = 0, 1 determines the magnetization
M = Tr[σρ˜]. It is convenient5 to work with ρ as in a 4-vector notation and redefine indices,
so that
ρ =

1 0 0 1
1
2
0 0 −1
2
0 1 0 0
0 0 1 0


ρ˜00
ρ˜01
ρ˜10
ρ˜11
 =

ρ0
ρz
ρ+
ρ−
 (52)
with ρ0 = 1. The standard Bloch’s equation, as derived in Eq. (26), identifies R
ρ˙+ = −iνρ+ − 1
T2
ρ+, ρ˙z = − 1
T1
(ρz − ρ0z)
R =

0 0 0 0
ρ0z/T1 −1/T1 0 0
0 0 −iν − 1/T2 0
0 0 0 iν − 1/T2
 (53)
To evaluate correlation functions we need the Pauli matrices (or any other operator) as
4x4 matrices that operate on the 4-vector density matrix. The process is to identify the 2x2
product A · ρ˜ = B with elements Bij as a 4-vector (Tr = B00 +B11, 12(B00 −B11), B01, B10).
Hence A00 A01
A10 A11
 12 + ρz ρ+
ρ− 12 − ρz
 =
 A00(12 + ρz) + A01ρ− A00ρ+ + A01(12 − ρz)
A10(
1
2
+ ρz) + A11ρ− A10ρ+ + A11(12 − ρz)
 ⇒

A00(
1
2
+ ρz) + A01ρ− + A10ρ+ + A11(12 − ρz)
1
2
[A00(
1
2
+ ρz) + A01ρ− − A10ρ+ − A11(12 − ρz)]
A00ρ+ + A01(
1
2
− ρz)
A10(
1
2
+ ρz) + A11ρ−

=

1
2
(A00 + A11) A00 − A11 A10 A01
1
4
(A00 − A11) 12(A00 + A11) −12A10 12A01
1
2
A01 −A01 A00 0
1
2
A10 A10 0 A11


1
ρz
ρ+
ρ−

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The last matrix identifies the 4x4 form of the original 2x2 matrix A. Hence the Pauli
matrices when operating from the left become
σz =

0 2 0 0
1
2
0 0 0
0 0 1 0
0 0 0 −1
 σ+ =

0 0 0 1
0 0 0 1
2
1
2
−1 0 0
0 0 0 0
 σ− =

0 0 1 0
0 0 −1
2
0
0 0 0 0
1
2
1 0 0
 (54)
In the following we need also the 4x4 form when multiplying from the right. Following the
process above for the product ρ˜ · A we obtain
σ′z =

0 2 0 0
1
2
0 0 0
0 0 −1 0
0 0 0 1
 σ′+ =

0 0 0 1
0 0 0 −1
2
1
2
1 0 0
0 0 0 0
 σ′− =

0 0 1 0
0 0 1
2
0
0 0 0 0
1
2
−1 0 0
 (55)
The regression theorem6,7 yields correlation functions. Their Fourier transform can be
written as 〈A(t)B(0)〉ω = −2Re Tr[A 1R+iωBρ∞], where ρ∞ is the steady state density matrix,
i.e. the solution of Rρ∞ = 0. Note that the Tr in the latter form is just the 1st entry of the
resulting 4-vector.
To illustrate this process we consider Bloch’s equation and find (using Mathematica)
C−+(ω) =
∫
t
〈σ−(t)σ+(0)〉eiωt = (1− 2ρ
0
z)/T2
(ω − ν)2 + (1/T2)2
A(ω) = ω[C−+(ω)− C+−(−ω)] = −ρ
0
zω/T2
(ω − ν)2 + (1/T2)2 (56)
where the absorption rate A(ω) is a known result for Bloch’s equations (see e.g. Eq. (2.48)
of Ref. 8).
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